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Abstract — Given a connected, undirected graph G = (V, E)
on n = |V| vertices, an integer diameter bound D > 2 and non-zero
edge weights associated with each edge e € E, a bounded
diameter minimum spanning tree (BDMST) on G is defined as a
spanning tree T € E on G of minimum edge cost, w(T) =X y . 1
w(e) and tree diameter no greater than D. The problem of
computing BDMSTs is known to be NP-Hard for 4 <D <n-1, and
hard to approximate. Well known greedy and randomized greedy
heuristic strategies are extant in the literature which build low
cost diameter-constrained spanning trees in O’ time. The
greedy heuristics perform better on graphs with random edge
weights, whereas the randomized greedy heuristics produce
lower cost BDSTs on Euclidean graphs. Another recent heuristic
uses a “less greedy” approach and performs competitively vis-a-
vis the other heuristics. This paper presents parallel versions of
some of these heuristics (the Center-based Tree Construction
(CBTC), Randomized Tree Construction (RTC) and Center-
based Least Sum-of-costs (CBLSoC) heuristics) implemented
using OpenMP. The reason for choosing these heuristics for
parallelization is that they have been shown to perform well over
a wide variety of problem instances, whereas other extant
heuristics in the literature are known to give perform well only
on specific types of graphs. The performance of all the heuristics
is compared on a wide range of standard benchmark instances
comprising of completely connected Euclidean and random
graphs.
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[. INTRODUCTION

Given a connected, weighted, undirected graph G and a
positive integer D, a bounded-diameter spanning tree (BDST)
is a spanning tree T < E on G = (V, E), whose diameter is no
greater than D. The Bounded-Diameter Minimum Spanning
Tree (BDMST) problem seeks a BDST that minimizes the cost
W(T) = Zyeer W(e). The problem finds application in many
domains, including distributed mutual exclusion [1], wire-
based communication network design [2] and data
compression for information retrieval [3]. An important
application also occurs in reducing the source-sink delays and
total wire length in VLSI routing. Barring the special cases of
D=2,D=3,D=n-1, and all edge weights being the same,
the BDMST Problem is known to be NP-Hard [4].
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Furthermore, the problem is also known to be hard to
approximate; it has been shown that no PTAS can be
guaranteed to find a solution within log (n) of the optimum

[5].

An exact algorithm for the BDMST Problem is given by
Achuthan and Caccetta [6] and improved by Achutan et al. in
[7]. Gouveia and Magnanti [8], give several variants of multi-
commodity flow (MCF) formulations for the BDMST problem
which achieve extremely tight LP bounds (within 1% of the
optimal solution for almost all benchmarks tested), however,
this approach has been able to solve BDMST instances of up
to only 60 node graphs to optimality. In general, the
exponential time complexity of exact algorithms restricts their
application to only very small problem instances; this is a key
motivation for finding fast heuristics that can approximate low
cost BDSTs on much larger problem sizes within reasonable
time.

Ayman Abdalla and Narsing Deo [9] give a Prim’s [10]
algorithm—based heuristic called the one-time tree
construction (OTTC) heuristic that runs in O(n*) time and
produces low cost BDSTs when the diameter bound D is
small. Abdalla and Deo also give two iterative refinement
algorithms that start with an unconstrained MST and
iteratively decrease the length of long paths until the diameter
constraint is satisfied. The center-based tree construction
(CBTC) heuristic given by Julstrom in [11] performs better
than OTTC both in terms of solution quality and running time
(it requires O(n) time less than OTTC) by constructing the
BDST as a height-restricted tree rooted at a central node (or
two nodes if the diameter is odd). This heuristic consistently
produces low cost BDSTs on graphs whose edge weights are
randomly chosen. A randomized tree construction heuristic
(RTC) is also given in [11] wherein each next node to be
appended to the BDST is chosen at random and appended
greedily. The RTC heuristic is especially effective on
Euclidean problem instances when the diameter bound D is
small, but loses out to CBTC on other types of problem
instances.



The Center-based Least Sum-of-Costs (CBLSoC) heuristic
given by Patvardhan et al. [14] builds a low cost BDST by
repeatedly appending the non-tree vertex with the lowest mean
cost to all the remaining non-tree vertices in the graph. This
heuristic is run starting from every graph vertex and returns
the lowest cost BDST obtained. It has a running time of O(n®)
and performs competitively vis-a-vis the other heuristics on
Euclidean problems. However, the performance of this
heuristic on non-Euclidean graphs has not been reported thus
far.

Other heuristics for the problem include a hierarchical
clustering-based heuristic for the Euclidean variant of the
BDMST problem given by Gruber and Raidl [13], which
obtains low cost BDSTs on Euclidean graphs with very small
diameter constraints, and improved variants of the CBTC and
RTC heuristics [12]. Two other heuristics that work well only
on Euclidean graphs are given in [14] which first try to
construct an effective backbone comprising of a small,
empirically chosen number of nodes at low depth which are
appended to the tree via relatively longer edges, and then
append the remaining graph nodes to the BDST.

The paper presents parallel versions of the CBTC, RTC and
CBLSoC heuristics implemented using OpenMP. These have
been selected for parallelization as they have been shown to
perform well over a wider variety of graphs in contrast to the
other abovementioned heuristics that give good performance
only on specific types of graphs. The performance of the
heuristics and speedup gained is studied using a large number
of Euclidean and non-Euclidean benchmark graphs widely
used in the literature.

Subsequent sections of the paper are organized as follows:
section 2 describes the CBTC, RTC and CBLSoC heuristics,
section 3 presents the computational results obtained on
benchmark problems, and section 4 concludes and summarizes
the paper.

II. HEURISTICS

A. Center-based Tree Construction (CBTC) Heuristic

The Center-Based Tree Construction (CBTC) heuristic [11]
improves builds a BDST from the tree’s center, keeping track
of the depth of each node in the tree and ensuring that node
depth does not exceed [D/2] The center of the BDST
comprises of either one vertex (in case D is even) or two
vertices connected by an edge (if D is odd). The heuristic
returns the lowest cost BDST obtained over n runs, each
starting from a different graph vertex, thereby requiring a total
running time of O(n*). Pseudo-code for the CBTC heuristic is
given in figure 1.

U[.] « set of unconnected graph vertices
C[] < set of tree nodes with depth less than |D/2]

for each vertexv0 € V do .

1.Set v0 as root iterations
U+« U—{v0} ..0(1) time
C « {v0}

depth[v0] « 0
2.if Dis odd, choose vertex vl € U|{cost(v0,v1) is minimal}
U« U-—{vl}
C<CuU{vl}
depth[vl] « 0
T « T U (v0,v1)
3. while U[.] not empty do
find v € Uand u € C such that cost(u, v) is minimal ..0(n2)
YueCvveU time
T<TU(uv)
UeU—{v}
depth[v] « depth[u] + 1
if (depth[v] < [D/2])
Ce—CU{v}
end while
Return the tree with the lowest cost out of all the trees generated
above

..0(1) time

Figure 1. Pseudo code for the CBTC Heuristic

B. Randomized Tree Construction (RTC) Heuristic

In the Randomized Tree Construction Heuristic (RTC), the
center of the spanning tree comprises of one vertex (if D is
even) or two connected vertices (if D is odd) randomly
selected from the set of graph nodes. This is similar to the
approach taken by the CBTC heuristic. Each next vertex is
then chosen at random and connected to the tree greedily such
that the inclusion does not yield a tree of diameter greater than
the diameter bound D. Building the BDST requires repeating
this process through n-1 iterations. As before, this process is
repeated n times, and the lowest cost BDST is returned. Hence
the total running time of this heuristic is O(n*). Pseudo-code
for this heuristic is given in figure 2.

U « set of unconnected graph vertices
C < set of tree nodes with depth less than [ D/2]
repeatn times
1. Randomly choose a vertex v0 € U and set as root
U« U—{v0}
C « {v0}
depth[v0] < 0
2.if D is odd, randomly choose another vertex vl € U
UeU—{v1}
C«CuU{vl}
depth[vl] < 0
T «TuU(v0,vl)
3. while U[.] not empty do
choose a random vertexv € U
find vertex u € C such that cost(u, v) is minimal Yu € €
T«TU(wv)
UeU—{v}
depth[v] « depth[u] + 1
if (depthlv] < [D/2])
C+«CuUf{v}
end while
Return the tree with the lowest cost out of all the trees generated
above

..niterations
..0(1) time

..0(1) time

..0(n?) time

Figure 2. Pseudo code for the RTC Heuristic

C. The CBLSoC Heuristic

The Center-based Least Sum-of-Costs (CBLSoC) heuristic
iterates through the graph nodes, taking each vertex as the root
node. If the diameter bound is odd, then the graph vertex with
lowest mean cost to all other graph vertices is selected as a
second root node and the edge between the two nodes is added
to the BDST. Each next graph vertex chosen to be appended to
the BDST is the vertex with the lowest mean cost to all the



remaining graph vertices: this vertex is appended to the tree
greedily via the lowest cost edge that does not violate the
diameter bound.

A « Adjacency matrix containing edge weights of the graph G
U « Set of unconnected graph vertices
for each vertex u in G do ..0(n) time
1T« {uhUe«U\{u} .0(1) time
2.1fDisodd
choose v € V'\ {u} such that sum of entries in row v of A is minimal ..0(n) time
3T« UeU\{v} .0(1) time
4. while U[.] not empty do ..0(n) time
choose x € V\ T such that Xy epyry-xost(x, y) is minimal and
diameter constraint is not violated ...0(n) time
T « T U {x} via the lowest cost edge to a vertex in T; ..0(n) time
UeU\{x ...0(n) time
Return the tree with the lowest cost out of all the trees generated above

Figure 3. Pseudo code for the CBLSoC Heuristic

The heuristic uses a center-based approach, building the
BDST from the tree’s center, keeping track of the depth of
each tree node and ensuring that no node depth exceeds LD2].
This preempts the need for dynamically computing the
spanning tree’s diameter at each step and results in a total
computational time of O(n®) for each iteration the heuristic.
The CBLSoC heuristic iteratively builds BDSTs starting once
from each graph vertex and returns the lowest cost BDST thus
obtained. This requires a total running time of O(n’) for the
heuristic. A simple post-processing step tries to reappend each
node to the BDST using a lower cost edge if possible, without
violating the diameter bound. This step requires at most O(n)
time and does not affect the overall time complexity of the
heuristic. Pseudo-code for CBLSoC is given in figure 3.

III. COMPUTATIONAL RESULTS AND DISCUSSION

The Euclidean Steiner Problem data sets given in
Beasley’s OR-Library' have been used extensively in the
literature for benchmarking algorithms for the BDMST
Problem. These instances comprise of vertices placed at
random in the unit square, fifteen instances of each size for
graphs of up to 1000 vertices. Julstrom [9] uses an enhanced
test suite of Euclidean problem instances that augments the
OR-Library instances with randomly generated Euclidean
graphs, fifteen each of 100, 250, 500 and 1000 vertices, whose
edge weights are, as before, the Euclidean distances between
(randomly generated) points in the unit square. Thirty
complete graphs of n=100, 250, 500 and 1,000 vertices with
edge weights randomly chosen from the interval [0.01, 0.99]
were also generated by Julstrom [9]. The diameter bounds in
all the tests were always less than the smallest diameter of an
unconstrained MST on each set of graphs.

All the heuristics were coded in the C programming
language and parallel versions of the CBTC, RTC and
CBLSoC heuristics implemented using OpenMP on a Dell
Precision T-5500 Workstation with 2 Intel Xeon 2.4-Gigahertz
processors having 6-cores each and 11 GB RAM running Red
Hat Enterprise Linux 6.

! Maintained by J.E. Beasley, Department of Mathematical
Sciences, Brunel University, UK.
(http://people.brunel.ac.uk/~mastjjb/orlib/files)

The heuristics are compared in terms of mean BDST costs
obtained (X), standard deviation (SD), computation time (t)
and speedup (for the parallel implementations) on Euclidean
problem instances in table 1 and random graphs in table 2.

The mean BDST costs for the CBTC, RTC and CBLSoC
heuristics given in table 1 show that the CBLSoC heuristic
produces lower mean costs vis-a-vis the CBTC heuristic on all
Euclidean instances. The RTC heuristic produces relatively
lower cost trees, but only when the diameter bound is very
small; as the diameter bound is increased the lowest cost
BDSTs are always returned by CBLSoC.

To understand this behavior, we observe that the OTTC
and CBTC heuristics always greedily append to the tree, the
feasible graph vertex with the lowest cost (in the Euclidean
context, the shortest edge) to the tree. So the tree backbone
ends up comprising of a small number of relatively short
edges, forcing many of the remaining graph vertices to be
appended via longer edges in order to maintain the diameter
bound, resulting in higher tree costs. In a sense, the inherent
greediness of the heuristic adversely affects its performance.
The RTC heuristic chooses the next graph vertex randomly,
and thus might have a better chance of building a tree
backbone close to clusters of nodes, several of which might
then be appended to the backbone using short edges. When D
is small, the RTC heuristic usually returns trees with lower
costs than any of the other heuristics. However, as the
diameter bound is increased, the RTC policy of always
choosing the next node to append in a random manner leads to
several poor choices, thereby contributing adversely to the
overall BDST cost. As can be seen from table 1, the heuristic
produces barely any improvements in BDST costs in several
cases and is eventually surpassed in performance by the other
heuristics as the diameter bound is increased further.

The CBLSoC heuristic is relatively less greedy in the sense
that the next node chosen to be appended to the tree is always
the one with the lowest mean cost to all remaining nodes in
the tree; this node need not necessarily be the node with the
lowest cost to the BDST. This heuristic consistently obtains
lower cost BDSTs in comparison to the CBTC heuristic, and
does better than the RTC heuristic when the diameter bound is
large.

The results obtained on the non-Euclidean (random edge-
weight) instances for the CBTC, RTC and CBLSoC heuristics
are given in table 2. On these instances, the RTC heuristic
performs poorly, always producing mean BDST costs that are
much worse than those obtained by the CBTC and CBLSoC
variants. The CBTC and CBLSoC heuristics produce better
(lower cost) BDSTs on small instances (up to n=250) with
tight diameter bounds, however as the instance size increases
(n=500, 1000) it is seen that the CBTC heuristics produce
better cost trees than the CBLSoC heuristic does.

This might be explained as follows: in the non-Euclidean
scenario, each vertex shares a few low cost edges with some
other vertices. The CBTC and CBLSoC heuristics tend to
greedily choose those edges to the tree, whereas RTC always
chooses its vertices randomly, as often as not making a costly
choice in the process.



LETT  8TS'T I8ELL 610 S6'CL OL'LI 69680 6v'0l 91'0 69%I  8EIL  6S6I'T 19°C€l €00 6I'LL 0S
ELTT  €¥S'T L608I 61°0 S6Cl I8'TI1 76880 SOl 910 SL¥I  ¥9°11  #6SI'L 0S’€l +¥0'0 OEIL 0OF
06'1T  ¥ISTT TIO8T 61'0 96TI ¥6'11 L1S80 LT'OT 910 69%1  T8II 98C0'T 91'CI SO0 OSIL 0T
EVIT 6LY'T 90691 LI'0 TSET S8I'TI €ovL'0 8€'8  ITO0 6091  €TIT  6VL6'0 S6'0T O1°0 ILTI Ol 0001

1€8  SIT0 68L'T 910 CTLL 966 9600 960 0TO TI'6 88'L  8¢91'0 6CT 900 IT9 O0¢
ST8  6IT0 Y081 9I'0 €L°L TO0lL 87600 S6'0 0T0 ¥I'6 19, 9LST°'0 0TI 900 9¢9 0T
€6'8  ¥TTO0 1161 610 €08 VL6 #0600 880 TI'0 9T6 60°'L  IsST'0 OI'T 800 199 &I
Y8 vIT0 19L°T  S1°0 LO'S €96 6LL00 SL'O 0TO0 <00l 80°L 69v1I'0 vO'lL II'0 STL O 00§

w9 900 €T0 €0 10 8IS 1s20°0 €I'0  €C0 809 10 66200 SI'0 CI'0 08¢ 0T
979  LE00 TETO TTO 6I'S SO09 86100 ¢I'0 1T0 €19 IS €6200 SI'0 €10 66°€ SI
79 9¢0°0 1€T0 TTO 1TSS S8% 90200 10 €00 799 99v  6LC00 €I'0 910 S¥v 01
08'S  L€00 €ITO 9¢0 O¥'6 8¥Yv 6L10°0 800 ¢SO0 I6°CI SI'y  €9200 110 €0 vI'0l S 0SC

§9°¢  ¥00'0 9100 ¥TO 0¢€E€ 66T €000 100 0T0 98¢ 79T 8000 100 IT°0 9TT ¢I
6v'c 000 SI00 0TO0 CCT¢ 0T¢ 1€000 100 9T0 SO¥ 99T 8000 100 €10 95T 01
87'c  $000 SI00 €TO0 LL'E 8TE €000 100 STO SLY TL'T  LE000 100 610 vEE L
I¥e 000 SI00 8€0 €TS ol'¢ 1€00°0 100 LEO 669 SL'T  9¢000 100 €€0 S¢S S 00@

dnpaadg ™G ] as X dopaadg ™9 I das X dopadg ™ I daS X dada N
INRI5505TdD 005140 dNRI0L oL e ) 214D saoue)suy

sonsunay DoSTgD pue DLY ‘DLdD 2 10} sydeid oapou o0 pPue 00S ‘0SZ ‘001 JO yoed Ay ‘soouelsur woqold wopuer uo paureiqo s)nsay g dAqel

19°'01  TITET 610%I 61'0 LS'TT  8'I1 9990 9ISF'9 9T0 180¢ 601  ¥8L9°0 v6l¥L 8L0O I¥'€C 001
?9°01  88CI'l TIOTI 891 ILLT 786  €8%S'0 €98¢'S 9T0 1I80¢ 6L01 8LPSO €0I6'S +¥TS L60OS 09
Y6 6€STT 8SII €6'C TTEE  SL6  L6VSO 98SES 9T0 I80€ S6'01  SELY'O0 6T8I'S 98°L LS66 OF
1€°00  $280'1 8SI'IT OL'1 S9'1S 896  TECSO LI9O'S ¥TO OTIE 9L0I ISTFO 6TLSY L6L 96'S61 0T 0001

€SI €8€1°0 S6S'T  6T0 €091 L 1600 79L9°0 vE€0 TPIT 1901  6£80°0 60680 T6'0 TLLI 09
606  80SI'0 I0Y'1 8LO O8LI  +€L  0£600 61890 9€0 SHIT 686  69L00 €09L0 8I'C €9ST SP
Il 6bPI'0  SSO'T 10T €€ST  vI'L 1S60°0 T6L9°0 vE€0 TWIT THOI  1¥90°0 T8990 €Iy 1S9% 0¢€
166 I'0 LT 60°€ 6€Py  LE9  €680°0 88950 €€0 ITCT HI0OI TSSO'0 L6SSO 9SS 8EW6 SI - 00S

866 99100 6SI'0 0TO LV'IL  LO¥  0ITO0 95800 €CT0 8671 SO0l 80100 S80I'0 €80 ISTI OF
9I'6 8100 S9I'0 €'l ¥8'LI G8¢  6I1C00 Tr800 CC0 TOSI 86 8000 T800 9¢T LI9T 0T
0L'6  €020°0 L6I'0 o6L1 6L1C 8FE  90T00 SILO0 CTTO TESL  +vL'6  LLOOO LPLOO SI'€ #P9E Sl
€66 SLIOO L9T'0O 08T 160¢c S6'CT 08100 T1€S00 1€0 ¥8'91 01 0L00°0 T0L0°0 66C LO6F O 0ST

LTL S1000 1100 ¥CT0 TEL 181 £€€00°0 9000 STO0 9I'6 €6'L 80000 89000 ¥€0 69L ST
6C’S 12000 1100 LSO ST6 L1 €000 65000 LTO €T6 IL°L L0000 $SO0'0 00T <601 SI
€S°L G1000 [I100 960 ¥STI €Tl €000 Tr00'0 6CT0 9L6 8L 90000 L¥00'0 8CTI 6SSI  OI
LS6  ¥1000 €100 €F'1 €€TC €L0 1€00°0 €2000 990 6¢£°SI L99 90000 +00°0 IST 89T & 001

dnpoads™ ™9 7 as X dnpdg ™9 7 as X dopads ™9 7 a X dad N
dN=I05087GD 20874D dNRI0y 1 Y oLd dNRI0S 1 gD JLdD SQouB)SU|

SonSLINAY DHOSTAD Pue D LY DL s 1oy sydeiS opou 0001 pue 00S ‘0SZ ‘001 JO Yora Ay} ‘S0UBISUI YIBWIYOUSQ UBSPI[ONG UO PIuIeIqo sjnsay [ dqeL



This could account for the poor performance of RTC vis-a-
vis the two deterministic heuristics. As the diameter bound is
increased in each instance, the CBLSoC heuristic consistently
performs better than RTC and but loses out to the CBTC
heuristic.

Parallel versions of the three heuristics were developed
using OpenMP in a multi-core environment. In tables 1 and 2,
the mean computation time (t,») and speedup obtained are
given for each heuristic. For the RTC heuristics, the speedup
was not significant on small Euclidean instances, but
improved quickly with problem size. However, for the CBTC
and CBLSoC heuristics, considerable speedup was obtained
on small problem sizes also. For instance, the average speedup
obtained on 100 vertex Euclidean graphs was 1.37, as
compared to about 7.4 for CBTC and CBLSoC heuristics. On
non-Euclidean instances, the speedup was considerably higher
for the 500 and 1000 vertex instances for all the three
heuristics.

IV. CONCLUSIONS

Given a connected, weighted, undirected graph G and a
positive integer D, the Bounded-Diameter Minimum Spanning
Tree problem finds a lowest cost spanning tree that only
contains paths with at most D edges. Two well known greedy
heuristics for this problem are the Center-based Tree
Construction (CBTC) heuristic and the Randomized Tree
Construction heuristic (RTC), both of which run in O(n’) time.
A relatively “less greedy” approach is followed by the Center-
based Least Sum-Of-Costs heuristic (CBLSoC) which also has
a running time of O(n*). The CBTC heuristic obtains the best
BDSTs on most non-Euclidean problem instances but loses
out to the CBLSoC and RTC heuristics on Euclidean graphs.
The RTC heuristic obtains the lowest cost BDSTs on
Euclidean instances, but only for small diameter bounds.
Moreover, it performs poorly in comparison to the other two
heuristics on the non-Euclidean benchmarks. The CBLSoC
heuristic, on the other hand, performs competitively on both
types of problem instances. The heuristic consistently
outperforms the CBTC heuristic on Euclidean graphs and
obtains the lowest cost BDSTs on large diameter bounds. On
non-Euclidean benchmarks also, the heuristic always returns
lower cost BDSTs than the RTC heuristic, and obtains the
lowest cost BDST on some problem instances. Parallel
versions of all three heuristics are implemented using
OpenMP, a widely used directive-based, fork-join model for
shared memory parallelism on a realistic number of
processors. The effectiveness of the parallel versions is seen
from the consistently good speedup obtained by the parallel
heuristics, and motivates their use to quickly solve larger
problem instances.
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